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“Statistics is a science that helps us
make decisions and draw
conclusions in the presence of
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Douglas Montgomery
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“In practice, totally deterministic
systems are unlikely due to
influence of unpredictable factors.”
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-
= - = a scientific test in which you perform a series of
B+ preliminaries youp

.. actions and carefully observe their effects in order
to learn about something [Merriam, 2015].

e EXxperiment 1: toss a coin twice

o Which are the possible outcomes?
o HH,HT,HT, TT

@™ @ erico@msc: ~/ufpe/doutoradof2015/TAADS © @ R Graphics: Device 2 (ACTIVE)
Arquivo Editar Ver Pesquisar Terminal Ajuda
erico@msc:~/ufpe/doutorado/2015/TAADSS R -q
> x=c(8, 1,1, 2) |
|> barplot(prop.table(table(x))) I

P(X=HH) = 0,25 o
P(X=HT) = 0,5 o
P (X=TT) = 0,25 o




— Preliminaries
e EXxperiment 1: toss a coin twice
o With Categorical Variable: HH, HT, HT, TT

-

erico@msc: ~fufpe/doutorado/2015/TAADS

Arquivo Editar Ver Pesquisar Terminal Ajuda

erico@msc:~/ufpe/doutorado/2015/TAADSS R -g
b x:c(llHHll’ IlHTIl’ IlHTIl’ IITTII)

> barplot(prop.table(table(x)))

>

00 01 02 03 04 05

HH

HT
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Preliminaries
Experiment 2: toss two dices

9 10 M1

121

11




P . -
— Preliminaries /

e Exponential Distributions .|||

@

It possesses the so-called memoryless property

“The concepts of cause and effect are fallacies. There
are only seeming causes leading to apparent effects.”

it often leads to the

“A system in which events occur according to a law of
s probability but aren’t individually determined in
accordance with the principle of causality is a stochastic

systems. system.”

12




B Preliminaries

e Stochastic: Merriam-Webster

IU@eeBINR)  Dictionary Thesaurus  Medical  Scrabble®

Webster

stochastic P SEARCH >

@"' Games Word of the Day Video ‘ Blog: Words at Play f-'i My Faves

Dictionary

stochastic © o AN

adjective | sto-chastic | \sta-‘kas-tik, sta-\ Stochastic is currently in the top 40% of
lookups on Merriam-Webster.com.

Definition of STOCHASTIC See a list of the most popular words.

1 : ranDowm; specifically : involving a random variable <a stochastic process=>

2 : involving chance or probability : PrRoBaBILISTIC <a sfochastic model of radiation-induced
mutation>

13
Cln.ufpe.
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e Em bom Portugués...

MELHORAMENTOS

i S L Nilen 1Y)

Moderno Dicionario Dicionario de Portugués Online

A 5 Significado de "estocastico”
+ portugués wr
comprar
dicionario
sobre o diclonario

Digite a palavra

Gramatica e curlosidades estocéstico portugués 7 bUSCBf busca avancada

Gula pratico da nova ortografia

lista por ordem alfabética: ABCDEFGHIJKLMNOPQRSTUVWXYZ

o Compartilhe esta pagina: (58] [[EMg | 0 | &+ Compartihar TweetaT

inglés — portugués e

portugués — Inglés Estoca'stmo
es.to.cas.ti.co
adj (gr stokhastikos) 1 Relativo a estocastica. 2 Diz-se de processos que ndo
ﬁaleméo —» portugués sdo submetidos sendo a leis do acaso.

portugues —= alemdo

Dicionario Escolar
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mm Preliminaries
e Exponential Distributions

O The sole parameter A of the exponential distribution can be

interpreted explicitly under different circumstances.

m Ais interpreted as the failure rate in reliability theory while it

represents the arrival rate of the Poisson process

15
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mm Preliminaries
e Phase-type distributions were introduced by Neuts, in

1975, as a generalization of the exponential distribution.

pioneered in
matrix-analytic
methods in the
study of queueing
models

/Since then, matrix-analytic methods have
become an indispensable tool in
stochastic modeling and have found
applications in the analysis and design of :

e manufacturing systems

e telecommunications networks

e risk/insurance models

e reliability models

\o inventory and supply chain systems/

16
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e PH-type Distributions — Motivations

o can be defined on Markov chains
o have a partial memoryless property
m which often leads to Markovian models that are analytically and

algorithmically tractable

17
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e PH-type Distributions

They constitute a versatile class of distributions that
can approximate arbitrarily closely any probability distribution
defined on the nonnegative real line

18
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e Pointed references

PWILEY

Queueling
Networks

and

Markov
Chains

SAEIE @I INERDERE A BT IFRR

Approximation problem:

approximating general
distributions by phase-
type distributions

Phase-Type Approximation
Techniques

BACHELOR THESIS

Zuzana Komirkovi

Brno, Spring 2012

19
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e Keywords

Continuous Time Markov Chain(CTMC)

Complex Systems

Poisson Process

Stochastic Models

Semi-Markov Process(SMP)

Generalized Semi-Markov Process(GSMP)

20
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e Cloud Terms Generators g_
= >

QJ “I

continuous _ distributions & o
absorptionchain™ S5 .

restartedn phase == ws- enter j e

€S

epresents

tat

) 3\ garknv SB . . PHD
S
%g. [ P ases M defined PH- dlstrlbutmn . Phase lifetime
-

Consi

der pmcesssprocess lnltlals a e

starting
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— Preliminaries

e Continuous-Time Markov Chain(CTMC) Definition
o ACTMC is a tuple(s, R, v,), where:

m S is a finite set of states

m R:S xS — R is arate matrix, such that R(i,j) = 0 for i # j and R(i,j) = -
> R(i,k), and

k#i

m v, is an initial probability vector

22




— Preliminaries

e CTMC - Absorbing state

o A state is called absorbing if once it has been reached it is impossible
to leave it

o There is any absorbing state in below CTMC?

23
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e Named from?
o The name of phase-type distributions comes from the key
idea behind it, which is to model waiting times as being

made up of the time taken to move through a number
exponentially distributed

o These are equivalent to states of the underlying
Markov chain
m The term are used when writing about PH-distributions,

and states when writing about CTMC

24




— Preliminaries

¢ Quantitative analysis of man-made systems like:

o computer systems

o communication networks

o manufacturing plants

o logistics networks

o (...)

is often done by means of discrete event models that

are analyzed numerically or by simulation

25
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e PHD - PHase-type Distribution

o The approximation of a general distribution by a PHD is a complex
non-linear optimization problem for which only recently (2014)
computational algorithms have been proposed which have not

found their way into broadly available modeling software yet.

26




®s Definition - PH Distribution

e PHD - PHase-type Distribution

o Consider an absorbing CTMC with n+1 states, where n =2 1, such that states

1, ..., n are transient and state 0 is an absorbing state.

o Further, let the chain have an initial probability of starting in any of the n+1

phases given by the probability vector (p, p).

o The (continuous) n-phase phase-type distribution (PH-distribution) is the

distribution of time from the above process’s starting until absorption in

the absorbing state. 21




®s Definition - PH Distribution

e Continuous-Time Markov Chain(CTMC):

o Infinitesimal Generator Matrix

D,: submatrix describing only transitions between
D | dj },, transient states
Q —
d : transitions from transient states to the absorbing
0 0 } ! state

0: contains 0's(no transitions from the absorbing states
to transitions states can occur)

28




®s Definition - PH Distribution

e Continuous-Time Markov Chain(CTMC):

o Example: What is the Infinitesimal Generator Matrix Q of below CTMC?

bl —
b —

=
=
|
b2l
b2

29




®s Definition - PH Distribution

e Neuts' definition

Probability distributions of phase type - Mozilla Firefox

) Editar Exibir Histo Favoritos Ferramentas Ajuda

4 phase... downl...

& ) @ https://www.researchgate.net/publicati v | & ||C9:3esqu:sar

| % @8 »

175 CITATIONS

Probability distributions of phase type

ARTICLE - DECEMEER 1974 148 READS

@ 1st Marcel F. Neuts
il 318+ The University of Arizona

You've requested the full-text version from
the author.

We'll notify you when they provide the full-text.

30
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®s Definition - PH Distribution

e Neuts' definition

1981 Winter Simulation Conference Proceedings
T.I. {ren, C.M. Delfosse, C.M. Shub (Eds.)

GENERATING RANDOM VARIATES FROM A DISTRIBUTION OF PHASE TYPE

Marcel ¥, Neuts
and

Miriam E. Pagano
Department of Mathematical Sciences
University of Delaware
Newark, Delaware 19711

A distribution F(*) on [0,®») is a PH-distri-
bution if it is that of the time until absorptiom
in a finite state Markov process with generator

TO
1) Q=" 2
0 0
and initial probability vector (g,am+1). T is

a non-singular matyix of order m and satisfies

Tig <05 for 1<4i<m, and Tij >0, for
o =1,

i#j. Also Te+T° =0 and o e + b1

where e denotes a column vector of appropriate
dimension with all components equal to one. The
distribution F(*) is then given by

31




®s Definition - PH Distribution

e PHD - PHase-type Distribution

[ ]

-3 1 05
0 =205
0 0 -1

0 e 1
”_[235]

D{]:

| bt

= L]

o

1.5
1.5
1

|
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=i Acyclic Phase-Type Distributions

e Can be divided into various subclasses:

()

33




=i Acyclic Phase-Type Distributions

e Exponential Distribution

o Simplest case of a PHD with a single transient state.

O Memoryless: Prob(X > t+ 5| X > 1) = Prob(X > s) forall t,5 > 0.

o Mean: E[X]=1 Variance: VAR[X]= 4

34




=i Acyclic Phase-Type Distributions

e Erlang Distribution

o It is a sequence of n exponential distributions with the same rate.
o Denoted by: E(n,1)

o Initial probability vector: = =[1.0.....0]

b :
sl ]
i . 0 =A...0 0
I__.@"':@f ! G * L T
0 0 =4k
00 ... 0 -4




=i Acyclic Phase-Type Distributions

e Hypo-Exponential Distribution

o Generalized Erlang Distribution.

o Rates i()....i1n are not necessarily identical.

b ) .
a A1 ALy L. 0 ]
0 A2) ... 0 0
MM Mg me| L
0 0 ...=Aln=1) Aln=-1)
| 0 0o .. ] —Aln) |

36




=i Acyclic Phase-Type Distributions

e Hyper-Exponential Distribution

o It is a convex mixture of n exponential distributions.

o m(i) = 0 for all phases.

a ﬂ{l}_* d{l} h -fin{l} U nma U U ]
; 0 -A2)... 0 0
ﬂ{j} _.,@‘E., el Dy =
0 0 ...-Ar-1) 0

dilrm) L 0 o ... 0 —.;.[J'I]_

mn) —

37




=i Acyclic Phase-Type Distributions

e Coxian Distribution

o Can be considered as a mixture of hypo- and hyper-exponential
distributions.
o Generalized Erlang distributions with preemptive exit options.

o Initial distribution vector: ™ = [1,0,...,0]

-l mAly 0
0 -M2) gA2) L 0

: —An—=1) gy An-1) 0
1] —A(r)

38




8% Moment Matching Methods

e Whatis it?

o Approach for the PH-approximation
o Member of fitting techniques:

m they utilize incomplete information of the original distribution

39




8% Moment Matching Methods

o Less than 3

o Matching only the first moment m1 is simply achieved by the exponential
distribution with rate A = 1
ml
o In techniques matching two moments, the coefficient of variation Cv is
usually used instead of the second moment, because of consequently
easier representation of results.
o Distributions with 0 < Cv < 1 can be aproximate by a mix of two Erlang

distribuitions com y e y-1 phases an same rate A.

40
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Moment Matching Methods

Can we
discretize the
entire model?

/o N e

Do we need a Are there only
lot of phases “well-shaped”
and can we functions in
handle them? the model?

no Vﬁrs no \yes

Do we need a
Minimization Moment lot of phases Minimization
of a difference method and can we of a difference
! handle them? )
no \yes
Discrete PH- Moment
approximation method
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Moment Matching Methods

Muitas vezes, uma atividade observada s6 pode ser modelada por uma
variavel aleatdria de natureza nao exponencial.

E possivel, entretanto, utilizacio combinacdes de transicdes
exponenciais, PH-distribuitions.

Para encontrar a distribuicao, duas atividades sao necessarias:
o Determinar o tipo de aproximacao necessaria.
o Encontrar os parametros numéricos da aproximacao.

Moments Matching algorithms fazem mapeamento de distribuicdes
empiricas em combinacdes de exponenciais.

42




8% Moment Matching Methods

e Em SPN, uma abordagem para representar uma atividade com
distribuicao empirica é aproxima-la por uma distribuicao exponencial,
utilizando do primeiro momento.

o meédia das duracdes mensuradas.

e Resultados melhores podem ser obtidos utilizando outros algoritmos
gue matching mais momentos.

43




8% Moment Matching Methods

* Dado a média (uD) e o desvio padrdo (OD) de uma distribui¢do
empirica:
* Se Cv = 1, entdo uma transicao exponencial é suficiente, com um
Unico parametro A.

*A="Db
PR EREN PO TO F1
4 \
'/ \\ l, \\
| 1 y e | 3
\ 7 1
PO \ TEo ’ P1 \\ I,‘],.'"
it N delay L/
~ rd

44




8% Moment Matching Methods

* Dado a média (uD) e o desvio padrdo (OD) de uma distribuicdo
empirica:
* SeCv < 1 e Cv1 e z, entao aproxima-se para uma distribuicao de
Erlang, e é necessario estimar dois parametros, A, y.

ov:CV'z
e \=
A= 15

1/ P1
-

45




8% Moment Matching Methods

* Dado a média (uD) e o desvio padrdo (OD) de uma distribuicdo
empirica:
* SeCv < 1leCv1l ¢ z entao aproxima-se para uma distribuicao de
Hipoexponencial e € necessario estimar trés parametros: y, A, e A,.
e Cv2-1<y<Cv2

Y+1
« A\ =
thJV(v+1)6D2—qu2
V+1
* A, =

quiJV(v+1)GD2—qu2

46




8% Moment Matching Methods

* Hipoexponencial

o N T LY P1

47




8% Moment Matching Methods

* Dado a média (uD) e o desvio padrdo (OD) de uma distribuicdo
empirica:
* Se Cv > 1, entao aproxima-se para uma distribuicao de Hiper-
exponencial e € necessario estimar trés parametros: W;, W2 e A,.
2ubD?
"W = —MDRI-GDZ
c W,=1-W,

C = 2uD
h— HDZ'I'O'DZ

48




8% Moment Matching Methods

* Hiperexponencial

o N T LY P1

49




=i Stochastic Petri Net

e Service time not exponential

Q

frea

Frequen

Value

50




B& Stochastic Petri Net

e Using phase-type...
e MSL (Mercury)

51
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Articles

The Application of Phase Type Distributions for Modelling Queuing Systems

Eimutis VALAKEVICIUS
Department of Mathematical Research in Systems
Kaunas University of Technology
Kaunas, LT - 51368, Lithuania

ABSTRACT

Queuing models are important tools for studying the
performance of complex systems, but despite the
substantial queuing theory literature, it is often necessary
to use approximations in the case the system is non-

markovian. Phase type distribution is by now
indispensable tool in creation of queuing system models.
The purpose of this paper is to suggest a method and
software for evaluating queuing approximations. A
numerical queuing model with priorities is used to

explore the Dbehaviour ol exponenial phase-type

approximation of  service-time  distnibution.  The
performance of queumng systems described in the event
language is used for generating the set of states and
transition matrix between them. Two examples of
numerical models are presented — a gueuing system
model with priorities and a queuing system model with
quality control.

52
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e

The Application of Phase Type Distributions for Modelling Queuing Systems

Eimutis VALAKEVICIUS
Department of Mathematical Research in Systems
Kaunas University of Technology
Kaunas, LT - 51368, Lithuania

i

F
- i m ——
g EEES ~gk=ﬁ*k=1‘h

I — 3
A e ; o oo/ W B 2“' - “fplz]:ml; g —2g122+83
' i HapP2 — 1y u usp > = =
E E & i Blpas 1 Iu “2: 5 g (=g ] + 4 (gs - gt |
% PPl 2B Mmoo emmp BT 3 3
L = Ma, 2 -2 - =
—_— I 1 ’ a
E » : 3hpoy M2 —ly Hop s P = kalmig ~1) :
O R R— : Kz — Ly \ }[? pgpg . ul{u]gl _I}+"'l]
Fig. 1. Quening svstem with simple priovity ptpy= 1. n
P2 = '
k nalug —1)+p /
Service Time (LogNormal) . 53
n.ufpe.
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Articles

The Application of Phase Type Distributions for Modelling Queuing Systems

Eimutis VALAKEVICIUS
Department of Mathematical Research in Systems
Kaunas University of Technology
Kaunas, LT - 51368, Lithuania
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Fig.2. Queuing system with quality control
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A Generic Method for Modeling Accelerated Life Testing Data

Haitao Liao, PhD, University of Arizona

Huairui Guo, PhD, ReliaSoft Corporation
Key Words: accelerated life testing, Erlang-Coxian distribution, maximum likelihood estimation

SUMMARY & CONCLUSIONS

Accelerated life testing (ALT) is widely used to expedite
failures of a product in a short time period for predicting the
product’s reliability under normal operating conditions. The
resulting ALT data are often characterized by a probability
distribution, such as  Weibull, Lognormal, Gamma
distribution, along with a life-stress relationship. However, if
the selected failure time distribution is not adequate in
describing the ALT data, the resulting reliability prediction
would be misleading. This paper proposes a_generic_method
that assists engineers in modeling ALT data. The method uses
Erlang-Coxian (EC) distributions, which belong to a particular
subset of phase-type (PH) distributions, to approximate the
underlying failure time distributions arbitrarily closely. To

55
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A Generic Method for Modeling Accelerated Life Testing Data
Proposed

e

%
- &
P
1A 5.
k-1 B

Erlang: E(k-2, 4)) Coxian: Az, Az, po)
Figure 2 - CTMC for a k-phase EC Distribution

56
Cln.ufpe.
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A Generic Method for Modeling Accelerated Life Testing Data

Stress level

Failure times
{*“+": the unit is censored)

20.5 223 23.2 247 26
341 39.6 41.8 43.6 44,9
477 61.6 62.1 65.5 70.8

i 87.8 1183 1201 1454 1574
180.9 187.7 204 206.7 2139
2152 2187 2541 2626 293
304 3137 3141 317.9 3377
430.2
378 436 511 58.6 65.5
659 756 82.5 88.1 89
106.6 1131 121.1 1215 1283

1.5 volts 151.8 1717 181 2027 2117

: 230.7 2499 2756 285 296.2
3585 3798 4345 4931 5064
561.1 570 3777 8763 922
890+ 890+ RO+ 941+  94(+
2231 254 3167 5602 679
737 894.4  930.5+ 930.5+

2 volis 930.5+ 930.5+ 930.5+ 9305+
930.5+ 9305+ 930.5+ 930.5+
930.5+ 9305+ 930.5+ 930.5+
930.5+ 9305+ 930.5+

Table 1 - ALT Data of Miniature Lamps

Weibull?
LogNormal?

cdf: Fit)

0.9}t &
S R
0.8} l{ :
07 I r —_—g 1
—— 35V
| -<¢--2v | 1
05} 1
0.4 |
0.3 & 1
Gmom
ozt P8 |
G-
0.1 Sl 1
u i Il i 3
0 200 400 600 800 1000
Failure Time

Figure 3 - Empivical odf"s of the Failure Times
under Different Voltage Levels
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A Generic Method for Modeling Accelerated Life Testing Data

Values of &

MLEs of

parameters

Log-likelihood
InL

3 E(1, A
& CMze "1']9- I-’c)

ay = 2.9091;
o, = 0.5762;
A, = 0.0026;
A, = 0.0026;
Ay = 0.0003;
p. = 0.6730;

-518.5038

4: B2, )
& C[-dn'ﬁa ’135 pc]

a, = 2.8807;
ay = 0.5730;
A, = 0.0045;
Ay = 0.0045;
Az = 0.0003;
p. = 0.6980;

-516.4058

5: E(3, 4)
& ClAz Az po)

a, = 2.8182;
@, = 0.5693;
Ay = 0.0068;
A, = 0.0068;
Ay = 0.0004;
pe = 0.7269;

-515.4942

0 E(4, 4))
& Cla, 7, po)

wy = 2.7463;
a, = 0.5747;
A, = 0.0097;

-5315.0856

= Il [5V)

= podf [3.5%)

= = el (2V]

— ol {5V, EC madal)

= == ol {2V, EC modal)

cof (3 5% EC model)

Failure Time

&00 &00

1000

Figure 4 - Statistical Fittings of the Resulting Model
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A Generic Method for Modeling Accelerated Life Testing Data

= 1 : : . .
2 os} K
o
e i} i i i i
0 1000 2000 3000 3000 5000
Time (hours)
x10°
T o5
% 7000 2000 3000 4000 5000
Time (hours)
-3
" 1:11} .
2
E 05} /\
20 - - - -
0 1000 2000 3000 4000 5000

Tirme (hours)

Figure 5 - Reliability Prediction using the Resulting Model
(reliahility function, pdf, hazard rate under 2V)
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®s Definition - PH Distribution

e R - Package actuar

o Density Phase Type
m dphtype (x, prob, rates)

o Distribution Function
m pphtype (q, prob, rates)
o Random Generator
B rphtype (n, prob, rates)
o Raw moments
H mphtype (order, prob, rates)
o Moment Generator Function
B mgfphtype (x, prob, rates)
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